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Abstrat
The joiningsplitting interation of non-ritial bosoni string is analyzed in the light-
one formulation. The Mandelstam method of onstruting tree string amplitudes is ex-
tended to the bosoni massive string models of the disrete series. The general properties
of the Liouville longitudinal exitations whih are neessary and suient for the Lorentz
ovariane of the light-one amplitudes are derived. The results suggest that the ovari-
ant and the light-one approah are equivalent also in the non-ritial dimensions. Some
aspets of unitarity of interating non-ritial massive string theory are disussed.
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1 Introdution
It has been well known sine early days of string theory that the ovariant quantization of
the free Nambu-Goto string [1℄ and the Ramond-Neveu-Shwarz fermioni string [2, 3℄ leads
in non-ritial dimensions to onsistent quantum models with longitudinal exitations. The
relevane of the (super)-Liouville theory for a proper desription of these extra degrees of
freedom was rst pointed out by Polyakov in his elebrated papers on onformal anomaly
in string theories [4, 5℄. The free string models obtained by adding the (super)-Liouville
setors were rst analyzed by Marnelius [6℄. More reently the no-ghost theorems for these
models were derived [7, 8℄ yielding one ontinuous and one disrete series of free non-ritial
string models. In partiular it was shown that the non-ritial Nambu-Goto string and the
non-ritial RNS string are members of the orresponding disrete series. In all ases the
rst exited state is massive whih justies the name massive string for all these models. It
was subsequently shown that massive strings admit the light-one formulation whih an be
used to analyze their spin ontent [9, 10, 11℄. In ontrast to the ritial strings where the
number of the tahyon-free models is strongly limited, the GSO projetion yields a large lass
of tahyon-free massive strings with rih mass and spin spetra [11℄. None of these models
ontains massless states with spin greater than 1. This makes them good andidates for matter
elds in an eetive desription of low energy QCD.
In the present paper we shall disuss some aspets of introduing interations for bosoni
massive strings of the disrete series. The solution of the physial state onditions in terms of
DDF operators yields in this ase three types of physial degrees of freedom [7℄: the transverse
exitations desribed by the d − 2 tensor power of the 2-dim salar eld Fok spae, the
Brower longitudinal exitations desribed by a unitary Verma module with the entral harge
0 6 cB < 1, and the Liouville longitudinal exitations desribed by the Verma module with
the entral harge 1 < cL = 1 + 48β < 25 and the highest weight (2β, 2β). Eah of these
models desribes a free string propagating in the at d-dimensional Minkowski target spae,
only the struture of the longitudinal setor hanges along the series. A speial ase where the
Brower longitudinal exitations drop out (cB = 0) and the longitudinal setor onsists solely
of the Liouville exitations orresponds to the Nambu-Goto non-ritial string
3
. Our hoie
to onsider the whole series is motivated by the properties of the Brower exitations whih
provide a onvenient intermediate step between the properties of the transverse, and of the
Liouville longitudinal setor.
In the ase of the ritial string there are two strategies to onstrut interating theory.
The rst one is the Polyakov ovariant approah whih an be seen as a modern ovariant
version of the old dual model onstrution [12℄. In this approah the on-shell string amplitudes
are dened in terms of orrelators of the 2-dim onformal eld theory integrated over moduli
3
In this ase the Liouville longitudinal setor of the massive string orresponds to the Brower longitudinal
setor of the non-ritial Nambu-Goto string. The name Brower longitudinal exitations is motivated by the
way in whih they arise in the ovariant quantization of the massive string  it is essentially the same as in
the ase of Brower longitudinal exitations in the non-ritial Nabu-Goto string.
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spaes of orresponding Riemann surfaes [13℄. The seond approah, introdued by Mandel-
stam [14, 15, 16℄, is based on the light-one formulation of the free string. In this approah
the unitarity of the S-matrix is manifest while the Lorentz ovariane requires a (non-trivial)
proof [14, 15, 17, 18℄. The light-one formulation is well developed only for ritial strings in
the at Minkowski bakground. In this ase it is equivalent to the ovariant approah [19℄
what provides a proof of the unitarity of the Polyakov formulation.
One a free string theory is known the problem of alulating string amplitudes redues in
both formulations to the problem of extending the 2-dim theory desribing the string degrees
of freedom from the ylinder to an arbitrary Riemann surfae. In the simplest ase of tree
amplitudes this is an extension of the theory from the sphere with 2 puntures to the sphere
with arbitrary number of puntures. In the standard CFT suh extension is straightforward.
Indeed the punture with an assoiated external state an be replaed by an insertion of
a loal operator what results in a orrelator on a sphere with no puntures. Thus there is
no real dierene between the free theory on the ylinder and the theory on an arbitrary
puntured sphere. This is not neessarily the ase in the Liouville setor where the operator-
state orrespondene is subtle and still not fully understood [20, 21, 22℄.
Within the ovariant approah one an dene the massive string amplitudes by a straight-
forward appliation of the ritial string onstrution. The transverse setor is inluded in the
tensor produt of d opies of the free salar CFT. The Brower setor an be extended to a
CFT on an arbitrary Riemann surfae by ombining several unitary Verma modules into the
Hilbert spae of an appropriate minimal model. Following this line of reasoning one should
then extend the Liouville setor to the CFT with the entral harge 1 < cL = 1 + 48β < 25
and with a single (2β, 2β)-onformal family.
The struture of this theory diers in two respets from the struture of standard CFT
of other setors. First, the (0, 0)-family does not belong to its spetrum (i.e. there is no
PSL(2,C)-invariant vauum). Seond, as an be easily inferred from the Vafa ondition
[24, 25℄, with only one onformal family the standard OPE for the puntures does not hold
[23℄. This means in partiular that the orrelators do not fatorize on the free spetrum (in
ommonly adopted approahes to the quantum Liouville theory the spetrum required by
fatorization is atually ontinuous [20℄).
The main problem in alulating tree amplitudes of string models under onsideration
is thus a onstrution of a onsistent Liouville theory on arbitrary puntured sphere. Suh
theory is well understood in the so alled weak oupling regime, i.e. for the entral harge
of the Liouville setor in the range cL 6 1 or 25 6 cL [26, 20, 21℄. Indeed in this ase the
perturbative ontinuous formulation is in a perfet agreement with the topologial gravity and
the matrix model results [21℄. However, in the strong oupling region 1 < cL < 25 it leads to
omplex ritial exponents [20, 21℄. This phenomenon an be interpreted as a manifestation
of the tahyon instability [20℄.
One way to evade this so alled c = 1 barrier was proposed by Gervais [27℄. In this ap-
proah the ontinuous Liouville spetrum is trunated to a disrete subset whih enters both
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the external states and the fatorization. However, due to tehnialities involved [28, 29℄, it
is still not lear whether this approah may lead to onsistent string models in non-ritial
dimensions. Another possibility is related to the onjeture of Al. and A. Zomolodhikov [30℄
that the ontinuum spetrum along with the 3-point funtions proposed by Otto and Dorn
[31℄ satisfy the bootstrap onsisteny onditions. This onjeture was reently proved by Pon-
sot and Teshner [32, 33℄ in the weak oupling regime c > 25. By the analyti ontinuation
argument it is believed to hold in the strong oupling regime 1 < c < 25 as well [22℄. Finally
there exists the geometri approah to the 2-dim quantum gravity originally proposed by
Polyakov [34℄ and further developed by Takhtajan [35, 36, 37, 38℄. Aording to this approah
the Liouville orrelation funtions are dened in terms of path integral over onformal lass
of Riemannian metris in whih the vertex operator insertions are replaed by metri singu-
larities at the insertion points. None of these approahes is developed well enough to provide
orrelation funtions even in the simplest ase of puntured spheres.
Even though any ultimate solution to the Liouville theory has not been found yet it
is still reasonable to analyze the relation between its properties and the properties of the
resulting non-ritial string. In the present paper we address two problem of this kind: the
onstrution of the light-one tree amplitudes, and the proof of their Lorentz ovariane. Our
main motivation is the issue of unitarity of non-ritial strings for whih the approah based
solely on the physial degrees of freedom is espeially well suited. Although expeted, it is
a priori not obvious that in non-ritial dimensions the light-one onstrution is equivalent
to the ovariant one. Our results suggest that this is the ase. If so, the light-one approah
would provide a useful omplementary tehnique for analyzing nonritial strings. It also
yields the physial interpretation of string interation in terms of subsequent joining and
splitting proesses.
Our onsiderations are based on the following assumptions onerning the orrelators of
the Liouville theory on puntured spheres:
1. the spetrum of the free external states is desribed by the Verma module with the
entral harge 1 < cL = 1 + 48β < 25 and the highest weight (2β, 2β);
2. the standard form of the onformal anomaly and its relation to the entral harge is
preserved;
3. the onformal Ward identities hold for the puntures and for the energy-momentum
tensor itself.
Save for the rst assumption (determined by the spetrum of free string models under on-
sideration) these are the general properties of the Liouville theory in all hitherto approahes.
Our main result is that the assumptions stated above are neessary and suient onditions
both for the onstrution of the light-one amplitudes and for their Lorentz ovariane.
The paper is organized as follows. In Setion 2 the free massive string model in the light-
one formulation is dened and the light-one loal elds in eah setor are introdued. In
3
Setion 3 following the idea of joiningsplitting interations we onstrut the tree string am-
plitudes. In Subsetion 3.2 we disuss all the properties neessary for the onstrution of the
amplitude in the Liouville setor. On this level the onformal Ward identities are indispens-
able for the statepunture orrespondene. In Subsetion 3.4 the nal form of the light-one
amplitude is alulated. In partiular an expliitly Lorentz ovariant form of the tahioni tree
amplitude is derived. It oinides with the orresponding ovariant amplitude. This indiates
that both formulations are indeed equivalent also in the non-ritial dimensions
4
. In Setion 4
we present the proof of the Lorentz ovariane for arbitrary tree amplitude. It turns out that
the properties of the Liouville setor introdued in Subsetion 3.2. are suient to omplete
the proof. Finally, in Setion 5, we disuss the issue of unitarity and derive some onlusions.
We attahed three appendies ontaining detailed derivations of the results used in the
main text.
2 Free string
2.1 Light-one formulation
In this subsetion we remind the light-one formulation of losed bosoni massive string prop-
agating in the d dimensional Minkowski target spae (1 < d < 25) [9℄.
For a given hoie of a light-one basis one onstrut the quantum theory as a represen-
tation of the algebra of zero modes
[P i, xj ] = −iδij , [P+, x−] = i ,
along with the algebra of the transverse
[aim, a
j
n] = mδijδm,−n ,
[a˜im, a˜
j
n] = mδijδm,−n , m, n ∈ Z \ {0}
the Liouville longitudinal
[cm, cn] = mδm,−n ,
[c˜m, c˜n] = mδm,−n , m, n ∈ Z \ {0}
and the Brower longitudinal
[LBm, L
B
n] = (m− n)LBm+n + c
B
12 (m
3 −m)δm,−n ,
[L˜Bm, L˜
B
n] = (m− n)L˜Bm+n + c
B
12 (m
3 −m)δm,−n ,
exitations. All other ommutators vanish and the standard onjugation properties are as-
sumed. Although heteroti onstrutions are possible we shall onsider only the models with
the same entral harge in the right and the left algebras of Brower longitudinal exitations.
This is also the ase whih arises in the ovariant quantization of losed massive string [7℄.
4
A formal proof is more ompliated that in the ritial string ase [19℄ where one an use the fatorization
argument to avoid tehnially involved alulations for exited states.
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The algebra of non-zero modes is by onstrution isomorphi to the (diagonalized) algebra
of the DDF operators of the ovariant approah [7℄. In partiular, the algebra of LBm orre-
sponds to the (left) Virasoro algebra of the shifted Brower longitudinal DDF operators. There
is no zero mode in this setor and the spae of states has the struture of tensor produt of the
left and the right Verma modules. In the following we shall restrit ourselves to the disrete
series of the unitary Verma modules Vm(p, q) with the entral harge [39, 40℄
cB = cm ≡ 1− 6
m(m+ 1)
, m = 2, 3, . . . ,
and with the highest weight
hm(p, q) =
((m+ 1)p −mq)2 − 1
4m(m+ 1)
, 1 6 p 6 m− 1 , 1 6 q 6 p .
Any pair of the allowed left and right highest weights leads to a onsistent free string model.
Slightly more general models an be onstruted as diret sums of pairs of Verma modules
of the same entral harge and with dierent highest weights. Guided by the experiene with
the ritial string we assume that the spae VB of Brower longitudinal exitation is idential
with the spae of states of a unitary minimal model of 2-dim onformal eld theory. In the
ase of the diagonal (A-type) minimal models one gets [41℄
VB =
⊕
p,q
Vm(p, q)⊗ V˜m(p, q) .
The spae of states in the transverse setor is given by
HT =
∫
dd−2p F(p) ,
where p = (p1, . . . , pd−2), and F(p) denotes the Fok spae generated by the left and right
transverse exitations out of the unique ground state |p 〉 satisfying
P i |p 〉 = pi|p 〉 .
The total spae of states in the light-one formulation is then dened by
H =
∫
dp+ |p+〉 ⊗ HT ⊗ VL ⊗ VB ,
where P+|p+〉 = p+|p+〉 and VL is the Fok spae generated by the left and right Liouville
exitations out of the unique vauum state |0〉L.
In order to onstrut a unitary realization of the Poinaré algebra on H we introdue
LTn =
1
2
+∞∑
k=−∞
d−2∑
i=1
:ai−ka
i
n+k : ,
LLn =
1
2
∑
k 6=0,−n
:c−kcn+k : + 2i
√
βncn + 2βδn,0 . (2.1)
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The operators Ln ≡ LTn+LLn+LBn and their left ounterparts L˜n form two ommuting Virasoro
algebras with the entral harge c = d+48β − 6
m(m+1) . In this onstrution we have used the
zero modes ai0 = a˜
i
0 =
1
2
√
α
P i with the dimensionful parameter α related to the onventional
Regge slope α′ by α = 12α′ . The algebra of generators:
P− =
2α
P+
(L0 + L˜0 − 2) , P+ , P i ,
M ijlc = P
ixj − P jxi + i
∑
n>1
1
n
(
ai−na
j
n − aj−nain + a˜i−na˜jn − a˜j−na˜in
)
,
M i+lc = P
+xi , (2.2)
M+−lc =
1
2(P
+x− + x−P+) ,
M i−lc =
1
2(x
iP− + P−xi)− P ix− − i2
√
α
P+
∑
n>1
1
n
(
ai−nLn − L−nain + a˜i−nL˜n − L˜−na˜in
)
,
loses to the Lie algebra of Poinaré group if and only if the parameter β entering the denition
of LLn satises [11℄:
β =
24− d
48
+
1
8m(m+ 1)
.
This representation indues a unitary representation on the subspae Hph ⊂ H of physial
losed string states dened by the ondition
(L0 − L˜0)|Ψ〉 = 0 .
In the ase of the diagonal minimal model in the Brower longitudinal setor the on-mass-shell
ondition takes the form
M2 = 4α
(
2N +
((m+ 1)p −mq)2
2m(m+ 1)
− d
12
)
, N = 0, 1, 2, . . . .
2.2 Light-one elds in the transverse setor
Following standard light-one formulation [14, 15, 16℄ we hoose the world sheet parameter-
ization (σ, τ) where τ is related to the target spae time by τ = 2
√
αx+ and σ is in the
range
5
0 6 σ < 2π |αr| , αr = p
+
r√
α
.
The string utuations in the transverse setor are desribed by the elds
Xi(σ, τ) = xi +
P i
2α
τ
αr
+
i
2
√
α
∑
n 6=0
1
n
e−
inτ
αr
(
aine
− inσ
αr + a˜ine
inσ
αr
)
satisfying the Heisenberg equation of motion
2
√
α
∂
∂τ
Xi(σ, τ) = i[P−,Xi(σ, τ)] .
5
The subsript r will serve in the following to distinguish between various inoming and outgoing strings;
we use it here to avoid onfusing the range of σ with the parameter α =
1
2α′
.
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After Wik rotation τ → −iτ the elds Xi an be deomposed into the holomorphi and
antiholomorphi omponents in the omplex variable ρ = τ + iσ:
Xi(−iτ, σ) = 1
2
√
α
(
χi(ρ) + χ˜i(ρ¯)
)
,
χi(ρ) = qi0 − iai0 ραr + i
∑
n 6=0
ain
n
e−
nρ
αr ,
χ˜i(ρ¯) = q˜i0 − ia˜i0 ρ¯αr + i
∑
n 6=0
a˜in
n
e−
nρ¯
αr ,
where the left and the right zero modes satisfy:
[ai0, q
j
0] = −iδij , [a˜i0, q˜j0] = −iδij ,
P i =
√
α(ai0 + a˜
i
0) ,
xi = 1
2
√
α
(qi0 + q˜
i
0) ,
and the restrition to the subspae on whih ai0 = a˜
i
0 is assumed. Another loal eld of
the transverse setor is the energy-momentum tensor. Within the Eulidean framework its
holomorphi omponent is given by
TT(ρ) =
1
α2r
∑
n
(
LTn −
d
24
δn,0
)
e−
nρ
αr .
In order to avoid unneessary repetition we omit here and in the following the formulae
for the right (antiholomorphi) setor. The generator Qǫ,ǫ˜ of the the innitesimal onformal
transformation ρ→ ρ+ ǫ(ρ) , ρ¯→ ρ¯+ ǫ˜(ρ¯) reads
QTǫ,ǫ˜ ≡
1
2πi
∫
dρ ǫ(ρ)T T (ρ) +
1
2πi
∫
dρ¯ ǫ˜(ρ¯)T˜ T (ρ¯) , (2.3)
and the transformation rules for the transverse elds and states take the form
δǫχ
i(ρ) ≡ − ǫ(ρ)∂ρχi(ρ) = − [QTǫ,ǫ˜, χi(ρ)] , (2.4)
δǫT
T(ρ) = − [QTǫ,ǫ˜, TT(ρ)] , (2.5)
δǫ,ǫ˜ |Ψ〉 = −QTǫ,ǫ˜ |Ψ〉 . (2.6)
For arbitrary onformal mapping ρ→ ρ(z) the integrated version of (2.5) yields
TT(ρ)→ T ′T(z) =
(
dρ(z)
dz
)2
TT(ρ(z)) +
cT
12
S(ρ, z) (2.7)
where the Shwartz derivative is dened as
S(ρ, z) =
ρ(3)(z)
ρ′(z)
− 3
2
(
ρ′′(z)
ρ′(z)
)2
.
The transformation law (2.7) is satised by the free eld representation of the energymo-
mentum tensor
TT(ρ) = −1
2
:∂ρχ
i(ρ)∂ρχi(ρ) : − d
24α2r
.
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By means of the onformal map z → ρ(z) = αr ln ρ one an proeed to the omplex plane
where
TT(z) =
∑
n∈Z
LTnz
−n−2 ,
χi(z) = χi0 − iai0 ln z + i
∑
n 6=0
ain
n
z−n .
Aording to the standard operatorstate orrespondene for eah state |Ψ〉 ∈ HT there exists
a unique loal vertex operator VΨ(z, z¯) suh that
|Ψ〉 = lim
z,z¯→0
VΨ(z, z¯)|0 〉 ,
and | 0 〉 is the unique PSL(2,C)-invariant vauum state in HT. In partiular the vertex
operators Vp(z, z¯) orresponding to the ground states |p 〉 ∈ HT are given by
Vp(z, z¯) ≡ : e
i
2
√
α
pi(χi(z)+χ˜i(z¯))
: .
One possible way to onstrut the vertex operator orresponding to the exited state is to
express the reation operators in terms of the ontour integrals of the loal elds Xi(w, w¯).
Another way, whih an be easily generalized to the longitudinal setor, is to onsider the
transverse setor as a tensor produt HT =
d−2∏
i=1
Hi of d− 2 opies of the c = 1 salar CFT. In
eah Hi one has the basis onsisting of the vetors∣∣{k}, {k}, pi 〉 = L˜i
r,−k¯1 . . . L˜
i
r,−k¯mL
i
r,−k1 . . . L
i
r,−kn |pi 〉 ,
generated by the modes Lir,−k, L˜
i
r,−k¯, of the i
th
omponents T i(ρ), T˜ i(ρ¯) of the transverse
energymomentum tensor TT(ρr), T˜
T(ρ¯r). The vertex operators orresponding to these states
an be onstruted as
V i|{k},{k},pi〉(zr, z¯r) =
∮
z¯r
dw¯1
2πi
T˜ i(w¯1)
(w¯1 − z¯r)k¯1−1
. . .
∮
z¯r
dw¯n
2πi
T˜ i(w¯m)
(w¯m − z¯r)k¯n−1∮
zr
dw1
2πi
T i(w1)
(w1 − zr)k1−1 . . .
∮
zr
dwm
2πi
T i(wm)
(wm − zr)km−1 : e
ipiXi(zr ,z¯r) : ,
where the integration ontours are nested radially around zr, |w1 − zr| > |w2 − zr| > . . . >
|wm − zr|, |w¯1 − z¯r| > |w¯2 − z¯r| > . . . > |w¯m − z¯r|.
2.3 Light-one elds in the longitudinal setor
The CFT interpretation of the Brower longitudinal setor is essentially the same as in the
transverse one exept there are no ounterparts to the elds χi, χ˜i, whih reets the fat
that there is no lassial desription of this setor in terms of ation funtional. The energy
momentum tensor and the transformations rules on the ylinder are given by the standard
8
expressions:
T B(ρ) =
1
α2r
∑
n
(
LBn −
cB
24
δn,0
)
e−n
ρ
αr , (2.8)
δǫT
B(ρ) = − [QBǫ,ǫ˜, T B(ρ)] , (2.9)
δǫ,ǫ˜|Ψ〉 = −QBǫ,ǫ˜|Ψ〉 . (2.10)
Due to the assumed minimal model struture there exists the unique SL(2,C)-invariant va-
uum state |0, 0〉B ∈ VB and the standard operatorstate orrespondene holds. Proeeding to
the omplex plane by the map ρ = αr ln z one gets:
T B(z) =
∑
n
LBnz
−n−2 , (2.11)
δǫT
B(z) = − 1
2πi
∮
dw ǫ(w)T B(w)T B(z) , (2.12)
δǫ,ǫ˜VΨ(z, z¯) = − 1
2πi
∮
dw ǫ(w)TB(w)VΨ(z, z¯) (2.13)
− 1
2πi
∮
dw¯ ǫ˜(w¯)T˜B(w¯)VΨ(z, z¯) .
Let us note that in ontrast to the transverse setor where the free eld representation of the
energymomentum tensor is available, the l.h.s. of (2.12) an be independently dened only
by the transformation properties of the orrelation funtions involving T B(z).
The spae of states in the Liouville setor arries representations of two dierent Vira-
soro algebras with the entral harges c = 1 + 48β and c = 1. This leads to two dierent
interpretations of this setor as a onformal eld theory.
Within the salar interpretation the spae of states in the Liouville setor an be seen as
the restrition of the spae of states of a single salar eld in two dimensions to the subspae of
states with zero momentum. In order to make the standard eld theoreti tehniques available
one an extend the spae of states to that of a single salar eld and then dene the subspae
of physial states by imposing an extra onstraint of vanishing momenta. As in the ase of
the transverse setor it is onvenient to introdue the algebra of left and right zero modes
[c0, φ0] = −i , [c˜0, φ˜0] = −i ,
restrited to the subspae annihilated by c0 − c˜0. The subspae of physial states is then
determined by the ondition (c0 + c˜0)|Ψ〉 = 0. The Poinaré representation on the extended
spae is given by the formulae (2.2) with the Virasoro generators LLn (2.1) modied by the
appropriate zero mode ontribution. In the extended spae one an dene the loal Liouville
eld
φ(ρ) = φ0 − ic0 ρ
αr
+ i
∑
n 6=0
cn
n
e−n
ρ
αr . (2.14)
The energymomentum tensor and the transformation rules are given as in the Liouville
interpretation by the formulae (2.8  2.13). The ruial feature of the salar interpretation is
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that the transformation rule for the Liouville eld,
δǫφ(ρ) = − [QLǫ,ǫ˜, φ(ρ)] = − ǫ(ρ)∂ρφ(ρ) − 2
√
β∂ρǫ(ρ) , (2.15)
does not oinide with the hange of φ(ρ) under innitesimal onformal transformation of its
argument ρ → ρ + ǫ(ρ). The same disrepany shows up in the transformation rule of the
energymomentum tensor whih an be written as
T L(ρ) = −1
2
:∂ρφ(ρ)∂ρφ(ρ) : +2
√
β∂2ρφ(ρ)−
1
24α2r
. (2.16)
It satises formulae (2.9), (2.12) only when the non-homogeneous transformation law for the
Liouville eld is assumed. The drawbak of the salar interpretation is that the loal eld
dened by (2.14) does not provide any working model for the transformation law (2.15). One
an show that just this feature is responsible for the failure of onstruting Lorentz ovariant
joiningsplitting interations within the salar approah. For this reason we shall not disuss
this interpretation in this paper any more.
Aording to the Liouville interpretation the spae of states is a tensor produt of single
left and single right Verma modules with the same entral harge cL = c¯L = 1 + 48β and the
same non-zero highest weight h = h¯ = 2β. The onstrution of energymomentum tensor and
the form of transformation rules are essentially the same as in the Brower longitudinal setor
and are given by exat ounterparts of the formulae (2.8  2.13). The ruial dierene is that
the only ground state | 0 〉L in this setor is not PSL(2,C)-invariant,
LL0| 0 〉L = 2β | 0 〉L , L˜L0| 0 〉L = 2β | 0 〉L ,
and the energy momentum-tensor ating on | 0 〉L is singular in the limit z → 0,
T L(z)| 0 〉L = 2β
z2
| 0 〉L + 1
z
LL−1| 0 〉L + regular terms .
This singular behavior annot be mimi by any loal operator plaed at the origin of the
omplex plane whih means that the operatorstate orrespondene does not hold in this
setor. Instead of the identity operator whih orresponds in the standard CFT to the invariant
vauum, there is a punture orresponding to the non invariant vauum state | 0 〉L with
presribed singularity struture of the energymomentum tensor at it. It should be stressed
that the Liouville interpretation goes far beyond the standard CFT where the existene of a
unique invariant vauum and the operatorstate orrespondene are fundamental assumptions.
3 Interating string
3.1 Joiningsplitting interations
In the light-one piture, developed by S. Mandelstam [14, 15, 16℄, string amplitudes are
onstruted in terms of light-one diagrams orresponding to time ordered sequenes of ele-
mentary splitting and joining proesses.
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The elementary proess of joiningsplitting an be desribed in terms of the vertex operator
ating between three Hilbert spaes of free string states [42, 43, 44, 45℄. Assuming the free
string evolution between ats of interation one an onstrut string amplitudes automatially
satisfying the (perturbative) unitarity requirements. Another approah rst introdued by
Mandelstam [14, 15℄ is to express the string amplitudes in terms of path integral over string
trajetories with the world-sheet geometries orresponding to appropriate light-one diagrams.
Within this approah the 3-string interation vertex is impliitly dened by the requirement
that the free CFT dened on eah ylinder-like region of free string propagation are glued up
to a unique CFT on the light-one diagram. It an be shown that in the ase of the transverse
string exitations desribed by the 2-dim salar CFT both formulations are equivalent [42,
43, 46℄.
In this setion we shall follow the original Mandelstam approah and onstrut the string
amplitudes in terms of onformal eld theories on the light-one diagrams. It allows to avoid
tehnially involved questions of sewing onformal eld theories and makes it easier to express
the light-one amplitudes in terms of CFT on the omplex plane. Let us note that in suh
formulation the unitarity in the longitudinal setor is not automati and requires additional
onsiderations.
A tree light-one diagram Σ with N external states is uniquely haraterized by the
irumferenes 2παr of external semi-innite ylinders, the interation times τ1 6 τ2 6 . . . 6
τN−2, and the N −3 angles desribing twists of the intermediate ylinders. These twist angles
an be parameterized by the σI oordinates of all but one interation points. We assume that
all external states are eigenstates of the momentum operators P+, P−, P i. In the p+ setor the
tree string light-one amplitude is given by the onservation delta funtion. The eigenvalues
p+r of the external states are related to the geometry of Σ by p
+
r =
√
ααr. If we assume
the time translation invariane the integration over one of the interation times results in the
energy onservation delta funtion. The ontribution of the light-one diagram Σ to the string
amplitude an than be written in the form
AΣ = δ
(
N∑
r=1
p+r
)
δ
(
N∑
r=1
p−r
)∫ N−2∏
I=2
d2(ρI − ρ1) W TW BW L (3.1)
where ρI = τI+ iσI desribe loations of the interation points and the integration domain re-
ets the time ordering of string interations. W T,W B,W L denote the transverse, the Brower,
and the Liouville setor ontributions respetively.
3.2 Transverse setor
In this subsetion we shall briey disuss the transverse setor ontribution to the tree string
amplitude. This material is not new and was inluded in order to set notation and to provide
an introdution for the disussion of the longitudinal setor. The only novelty is the derivation
of the amplitude in terms of orrelation funtions of vertex operators in the ase of exited
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physial states. The transverse setor ontribution is dened by
W T =
∏
r
2παr∫
0
dϑr
∫
DXir(σr) e−
1
2
√
α
(P−r )Tτr 1√
2παr
Ψr[X
i
r(σr + ϑr)] (3.2)
×
∫
Σ
DglcXi(σ, τ) e−S[glc,Xi(σ,τ)] ,
where the inner path integral goes over elds satisfying the Dirihlet boundary onditions
Xi(σr, τr) = X
i
r(σr). Aording to our assumption the external states are eigenstates of the
transverse part (P−r )T of the light-one Hamiltonian,
(P−r )T =
2α
P+
(LT0 + L˜
T
0 − c
T
12 ) ,
(P−r )T
2
√
α
Ψr[X
i
r(σr)] =
λTr
αr
Ψr[X
i
r(σr)] ,
λTr =
p2r
4α + 2n
T
r − c
T
12 ,
with the same left nTr and right n˜
T
r oupation numbers. Then one an rewrite (3.2) in the
form
W T =
∏
r
√
2παre
−λ
T
r
αr
τr
∫
DXir(σr) Ψr[Xir(σr)] (3.3)
×
∫
Σ
DglcXi(σ, τ) e−S[glc,Xi(σ,τ)] .
In order to express the light one amplitude in terms of the onformal eld theory on the
omplex plane we shall use the holomorphi Mandelstam map
ρ(z) =
∑
r
αr ln(z − zr) ,
∑
r
αr = 0 . (3.4)
At the rst step of the alulations one an regard this map merely as a hange of param-
eterization. Let Mτ be the pre-image of the light-one diagram Σ with long but nite legs.
The inner path integral in (3.3) determines on Mτ the theory of d salar elds dened with
respet to the pull-bak ρ∗glc of the at light-one metri glc. The metri ρ∗glc is related to
the standard metri gpl on the omplex plane by the onformal fator σ(z),
ρ∗glc(z) = eσ(z)gpl(z) , σ(z) = ln
∣∣∣∣∂ρ∂z
∣∣∣∣2 .
It is singular at the loations ZI of the interation points and also in the limit |z| → ∞
(Appendix A.1).
At the seond step one uses the onformal properties of the theory to hange the metri
from eσgpl to gpl. The response of the path integral representation of the amplitude to this
hange is given by the onformal anomaly [4, 47℄,∫
Mτ
DeσgplX(z, z¯)e−S[eσgpl,X(z,z¯)] = (AMτ )c
T
∫
Mτ
DgplX(z, z¯)e−S[gpl,X(z,z¯)] , (3.5)
12
where the integral on the r.h.s. goes over the elds satisfying boundary onditions
Xi
(
ρ−1(τr + iσr), ρ¯−1(τr − iσr)
)
= Xir(σr) . (3.6)
In the limit
τr
αr
→∞, r = 1, . . . , N, the anomaly fator takes the form (Appendix A.4)
AMτ = [ǫ]
1
12A
1
4 [α]−
1
8 [P ]−
1
12 , (3.7)
where the abbreviated notations (A.5), (A.14) are used. Let us stress that sine the stan-
dard metri gpl is regular at the interation points so is the energymomentum tensor of the
transformed theory.
At the third step of our alulation we shall express the wave funtionals Ψr[X
i(σr)]
through the vertex operators of the transverse CFT. Following the standard path integral
derivation of the operator-states orrespondene (Appendix B) one gets
Ψr[X
i
r(σr)] = e
(λTr − c
T
12
) τr
αr
∫
Dr
DgplXi(z, z¯) e−S[gpl,Xi(z,z¯)] V Tr (zr, z¯r) ,
where the integration goes over the elds dened on the dis
Dηr =
{
z ∈ C : |z − zr| 6 ηr = e
τr
αr
}
and satisfying the boundary onditions
Xi
(
zr + e
τr+iσr
αr , z¯r + e
τr−iσr
αr
)
= Xir(σr) ,
while V Tr (zr, z¯r) is the vertex operator orresponding to the state | r 〉T.
The omplement of Mτ onsists of disjoint sets Dτr around eah point zr. For every r we
dene a non-singular, invertible onformal transformation
wr(z) = ρ
−1
r (ρ(z)) = zr + (z − zr)
∏
s,s 6=r
(z − zs)
αs
αr , (3.8)
from Dτr into Dηr , with zr being a xed point. Using this map one an pull all the objets
bak from Dηr to Dτr . This yields the representation of the r
th
string wave funtional
Ψr[X
i
r(σr)] = e
(
λTr − c
T
12
)
τr
αr
(ADτr )cT (3.9)
×
∫
Dτr
DgplXi(z, z¯) e−S[gpl,Xi(z,z¯)] w∗rV Tr (zr, z¯r) ,
where ADτr denotes the onformal anomaly of the map (3.8) and the integration goes over
the elds Xi(z, z¯) on Dτr satisfying boundary ondition
Xi
(
ρ−1(τr + iσr), ρ¯−1(τr − iσr)
)
= Xir(σr) . (3.10)
w∗rV Tr (zr, z¯r) in formula (3.9) denotes the pull-bak of the vertex operator V Tr (zr, z¯r) by the
map (3.8). In the simplest ase of the primary eld orresponding to the ground state |~p 〉 we
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have
w∗rV
T
~p (zr, z¯r) =
(
dwr
dz
(zr)
)−hr (dw¯r
dz¯
(z¯r)
)−h˜r
V T~p (zr, z¯r) (3.11)
=
∏
s,s 6=r
(
|zr − zs|
αs
αr
)− ~p2
4α
V T~p (zr, z¯r) .
In the limit of large (but nite) |τr|, eah Dτr tends to the small dis Dǫr entered at zr. The
radius ǫr of Dǫr is given by
τr
α
= ln ǫr +
∑
s 6=r
αs
αr
ln |zr − zs| .
In this limit the onformal anomaly takes the form
ADτr =
∏
s,s 6=r
(
|zr − zs|
αs
αr
) 1
6
,
and one an rewrite (3.9) as
Ψr[X
i
r(σr)] = e
λTr
τr
αr ǫ
− cT
12
r
∏
s,s 6=r
(
|zr − zs|
αs
αr
) cT
12
(3.12)
×
∫
Dτr
DgplXi(z, z¯) e−S[gpl,Xi(z,z¯)] w∗rV Tr (zr, z¯r) .
The funtional integrals over the elds Xi(z, z¯) on the regions Mτ and Dτr (r = 1, . . . , N),
integrated over ommon boundary values along ommon boundaries, ombine to the funtional
integral over the elds on the entire omplex plane. Equations (3.3), (3.5), (3.12) then imply
the following expression:
W T = [2πα]
1
2 (AMτ )c
T
[ǫ]−
cT
12
∏
r 6=s
|zr − zs|
αs
αr
cT
12
(3.13)
×
∫
C
DgplXi(z, z¯) e−S[gpl,Xi(z,z¯)]
∏
r
(
w∗rV
T
r (zr, z¯r)
)
= δ
(
N∑
r=1
~pr
)
[2πα]
1
2 (AMτ )c
T
[ǫ]−
cT
12
∏
r 6=s
|zr − zs|
αs
αr
cT
12
〈∏
r
w∗rV
T
r (zr, z¯r)
〉T
,
where the abbreviated notations (A.14) are used.
3.3 Longitudinal setor
The onformal eld theory desribing the string exitations in the Brower setor is not dened
by any ation funtional
6
and Mandelstam's funtional method of onstruting amplitudes
6
Note that the Coulomb gas formalism, although based on the ation funtional, does not provide the
standard Lagrangean eld-theoretial framework for the minimal models and should be regarded rather as an
ansatz for alulating the orrelation funtions.
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annot be applied. There are also no ounterparts of the loal elds χi(z), χ˜i(z¯) and the
standard onstrution of the splittingjoining vertex based on the onnetion ondition is
not diretly available. One an however implement the idea of joiningsplitting interation
dening the light-one amplitudes in terms of the onformal eld theory on the light-one
diagram. To this end one an use an appropriate generalization of formula (3.13) derived in
the previous subsetion. This leads to the following Brower setor ontribution
W B = (AMτ )c
B
[ǫ]−
cB
12
∏
r 6=s
|zr − zs|
αs
αr
cB
12
〈∏
r
w∗rV
B
r (zr, z¯r)
〉
B
, (3.14)
where the vertex operators V Br (zr, z¯r) orrespond to the external states | r 〉B in the Brower se-
tor, and the orrelation funtion is alulated within an appropriate minimal model. Although
we have expressed the Brower ontribution in terms of the CFT on the omplex plane, one
an easily transform the theory bak to the light-one diagram Σ. In fat, suh transformation
an be seen as a rigorous denition of the minimal model on Σ.
Let us now turn to the Liouville longitudinal setor. Aording to the Liouville interpre-
tation advoated in Subsetion 2.3 the energymomentum tensor is the only loal eld in
this setor and the standard stateoperator orrespondene is replaed by the statepunture
orrespondene. These onlusions were derived by analyzing the free theory on the ylinder.
In order to implement the idea of splittingjoining interation some extension of the theory
from a ylinder to an arbitrary light-one diagram is required. As we have seen in the other
setors this an be done in terms of the Mandelstam map and a well dened onformal the-
ory on the omplex plane. Our strategy is to nd all the properties of suh theory whih
are indispensable for a onstrution of the Lorentz ovariant string amplitudes. As a guiding
priniple one an use the properties of the free theory already derived in Subsetion 2.3 along
with the above derivation of the transverse and the Brower setor ontributions to the string
amplitude. This leads to the following assumptions onerning the Liouville setor.
Our rst requirement onerns the onformal anomaly. We assume that it has its universal
form given by the Liouville ation and depends on the entral harge cL = 1 + 48β in the
standard way.
The seond assumption is related to the fat that there is no operatorstate orrespondene
in this setor. To the ground state applied to the free end of a semi-innite ylinder there
orresponds a punture on the omplex plane. In the ase of tree light-one diagrams with N
external states, instead of orrelation funtions of N vertex operators and arbitrary number of
the energymomentum tensor insertions on the Riemann sphere S2, one should rather expet
orrelation funtions of arbitrary number of the energymomentum tensor insertions on the
Riemann sphere S2(z1, . . . , zN ) with N puntures :〈∏
j
T L(wj)
∏
k
T˜ L(w¯k)
〉
S2(z1,...,zN )
. (3.15)
Sine the vauum of this setor is not PSL(2,C) invariant both the partition funtion (no
energymomentum tensor insertions) and the orrelations funtions of the energymomentum
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tensor on S2(z1, . . . , zN ) depend on the loations zr of the puntures. For this reason and also
beause the properties of the puntures are similar to that of the primary vertex operators in
the standard CFT we shall replae the lumsy notation (3.15) by〈∏
j
T L(wj)
∏
k
T˜ L(w¯k)
N∏
r=1
P (zr, z¯r)
〉L
. (3.16)
The theory on the ylinder disussed in Subsetion 2.3. denes the Liouville theory on the
Riemann sphere with two puntures. In this ase one an easily derive (just from the denitions
of the objets involved) the operator-operator produt expansion (OOPE) and the operator-
punture produt expansion (OPPE):
T L(w)T L(z) =
1
2 (1 + 48β)
(w − z)4 +
2
(w − z)2T
L(z) +
1
w − z ∂T
L(z) + . . . , (3.17)
T L(w)P (z, z¯) =
2β
(w − z)2P (z, z¯) +
1
w − z ∂P (z, z¯) + . . . . (3.18)
The new assumption whih an be seen as the onnetion ondition for the energymomentum
tensor is that these expansions also hold in the ase of the sphere with N puntures and that
the puntures are the only singularities of the energymomentum tensor.
The third requirement one has to impose on the orrelation funtions (3.16) onerns their
transformation properties with respet to the onformal hange of their arguments:
δǫT
L(z) = − 1
2πi
∮
dw ǫ(w)T L(w)T L(z) , (3.19)
δǫ,ǫ˜P (z, z¯) = − 1
2πi
∮
dw ǫ(w)T L(w)P (z, z¯) (3.20)
− 1
2πi
∮
dw¯ ǫ˜(w¯)T˜ L(w¯)P (z, z¯) .
With the expansions (3.17) and (3.18) one an ast this requirement in the form of the
onformal Ward identities (CWI):〈
T L(w)
∏
r
P (zr, z¯r)
〉
L
=
∑
r
(
2β
(w − zr)2 +
1
w − zr
∂
∂zr
)〈∏
r
P (zr, z¯r)
〉
L
, (3.21)〈
T L(u)T L(w)
∏
r
P (zr, z¯r)
〉L
=
1
2(1 + 48β)
(u− w)4
〈∏
r
P (zr, z¯r)
〉L
(3.22)
+
(
2
(u− w)2 +
1
u− w
∂
∂w
)〈
T L(w)
∏
r
P (zr, z¯r)
〉L
+
∑
r
(
2β
(u− zr)2 +
1
u− zr
∂
∂zr
)〈
T L(w)
∏
r
P (zr, z¯r)
〉
L
.
Just as in the standard CFT the equations above ompletely determine all the three punture
orrelation funtions (3.16). In partiular in the ase of no energymomentum insertions (the
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three punture partition funtion) we have
〈P (z1, z¯1)P (z2, z¯2)P (z3, z¯3) 〉 = C|z1 − z2|2β |z1 − z3|2β|z2 − z3|2β . (3.23)
Let us stress that the orrelation funtions of puntures does not have the interpretation of
the vauum expetation value of some operators ating in the Hilbert spae VL of the free
theory. This means in partiular that we are not fored to require any produt expansion for
puntures. Still one an follow most of the onstrutions of the standard CFT. In partiular the
familiar stateoperator orrespondene an be replaed by the statepunture orrespondene
dened by
LL−n1 . . . L
L
−nN | 0 〉L −→ LL−n1 . . . LL−nN · P (z, z¯) (3.24)
≡ 1
(2πi)N
∮
C1
dz1
T L(z1)
(z1 − z)n1−1 . . .
∮
CN
dzN
T L(zN )
(zN − z)nN−1P (z, z¯)
where the ontours of integration are hosen suh that Ci surrounds Ci+1 for i = 1, . . . , N−1,
and CN surrounds the point z. Using this presription one an assoiate to eah state | r 〉L ∈
VL a uniquely determined objet V Lr (z, z¯) whih we shall all the vertex punture orrespond-
ing to | r 〉L. Using suh vertex puntures one an dene the Liouville setor ontribution to
the tree string amplitude by the formula analogous to those of the Brower (3.14) and of the
transverse (3.13) setors
W L = (AMτ )c
L
[ǫ]−
cL
12
∏
r 6=s
|zr − zs|
αs
αr
cL
12
〈∏
r
w∗rV
L
r (zr, z¯r)
〉L
. (3.25)
The orrelation funtion above an be in priniple rewritten in terms of the ontour integrals
of the orrelators (3.16).
3.4 Light-one amplitudes
Gathering formulae (3.1), (3.13), (3.14), (3.25), (3.7) of the previous subsetions one gets the
following expression for the light-one amplitude orresponding to a given type of light-one
diagram
AΣ =
d−1∏
µ=0
δ
(
N∑
r=1
pµr
)∫ N−2∏
I=2
d2(ρI − ρ1) [2πα]
1
2A6[α]−3[P ]−2
×
∏
r 6=s
|zr − zs|2
αs
αr
〈∏
r
w∗rV
T
r (zr, z¯r)
〉T〈∏
r
w∗rV
B
r (zr, z¯r)
〉B〈∏
r
w∗rV
L
r (zr, z¯r)
〉L
.
A more symmetri form an be obtained by proeeding to the KobaNielsen variables. We
hoose z2, . . . , zN−2 as a new integration variables. The Jaobian of this hange takes the form
(Appendix A.5)
J = |(zN − zN−1)(zN − z1)(zN−1 − z1)|2 A−6[α]2[P ]2 ,
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and
AΣ = (2π)
D
2 [α]−
1
2
d−1∏
µ=0
δ
(
N∑
r=1
pµr
)
(3.26)
×
∫
DΣ
N−2∏
r=2
d2zr |(zN − zN−1)(zN − z1)(zN−1 − z1)|2
×
∏
r 6=s
|zr − zs|2
αs
αr
〈∏
r
w∗rV
T
r (zr, z¯r)
〉
T
〈∏
r
w∗rV
B
r (zr, z¯r)
〉
B
〈∏
r
w∗rV
L
r (zr, z¯r)
〉
L
.
Let us note that [α]−
1
2 =
n∏
r=1
α
− 1
2
r is the expeted relativisti ux fator. The integration
domain DΣ for the Koba-Nielsen variables depends on the geometry of the light-one diagram
Σ. It is well known from the theory of the ritial string that the domains of integrations for
dierent types of the tree light-one diagrams with N external legs sum up to the whole range
of integration C
N−3
of the Koba-Nielsen variables. Hene the full N -string tree amplitude is
given by formula (3.26) with the domain DΣ replaed by C
N−3
.
In general the alulation of the amplitude (3.26) is diult due to the ompliated depen-
dene of the transformed vertex operators and vertex puntures on the Mandelstam map. An
essential simpliation ours for the (tahioni) ground states. In this ase the transformed
vertex operators of the transverse setor satisfy formula (3.11). The orresponding formulae
in the Brower and the Liouville setors read
w∗rV
B
p,q(zr, z¯r) =
∏
s,s 6=r
|zr − zs|−
αs
αr
2hm(p,q)V Bp,q(zr, z¯r) ,
w∗rP (zr, z¯r) =
∏
s,s 6=r
|zr − zs|−
αs
αr
4βP (zr, z¯r) .
Taking this into aount and using the relation
p−r =
2
√
α
αr
(
~p 2
4α
+ 2hm(p, q) + 2β − 2
)
valid for the ground states one gets
∏
r 6=s
|zr − zs|
αs
αr
2
〈∏
r
w∗V T~pr(zr, z¯r)
〉
T
〈∏
r
w∗V Bp,q(zr, z¯r)
〉
B
〈∏
r
w∗P (zr, z¯r)
〉
L
=
∏
r 6=s
|zr − zs|−
p
+
s p
−
r
2α
〈∏
r
V T~pr(zr, z¯r)
〉T〈∏
r
V Bp,q(zr, z¯r)
〉B〈∏
r
P (zr, z¯r)
〉L
.
Calulating the orrelator in the transverse setor one gets an expliitly ovariant expression
for the tahioni tree string amplitude:
A = (2π)
D
2 [α]−
1
2
d−1∏
µ=0
δ
(
N∑
r=1
pµr
)
(3.27)
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×
∫
CN−3
N−2∏
r=2
d2zr |(zN − zN−1)(zN − z1)(zN−1 − z1)|2
×
∏
r 6=s
|zr − zs|
ps·pr
2α
〈∏
r
V Bp,q(zr, z¯r)
〉
B
〈∏
r
P (zr, z¯r)
〉
L
.
4 Lorentz ovariane
In this setion we shall analyze Lorentz ovariane of the tree string amplitudes for arbitrary
states. Our approah is a slight modiation of the method originally invented by Mandelstam
[15℄ and further developed in [46, 17, 18℄. Nontrivial part onerns the generators M i− and
we restrit ourselves to this ase.
Our aim is to alulate the eet of an innitesimal Lorentz rotation
|r 〉 → |r 〉+ εM i−|r 〉 (4.1)
on the tree string amplitude. To this end we shall derive a onvenient expression for the
Lorentz generators M i− [46, 17, 18℄. Applying the time splitting tehnique and the ζ funtion
regularization one gets
Γi(τ) ≡ lim
ǫ→0
∮
τ
dρ
πi
T (T (ρ+ ǫ)χi(ρ)) (4.2)
=
1
2
√
α
p+
[(
L0 − c
24
)
qi0 + q
i
0
(
L0 − c
24
)]
− i
√
α
p+
∞∑
n=1
1
n
(
ai−nLn − L−nain
)− iP i
p+
∮
τ
dρ
2πi
ρ T (ρ) ,
where T (ρ) ≡ TT(ρ) + T B(ρ) + T L(ρ) is the total energymomentum tensor, T means (Eu-
lidean) time ordering, and the integration goes over the ontour of onstant time τ . Then
for every external leg one an write M i−r in the form
M i−r = Γ
i
r(τ)r + Γ˜
i
r(τ) +
iP ir√
α
∂
∂αr
+
iP ir√
α
(
Qr(τ) + Q˜r(τ)
)
, (4.3)
where
Qr(τ) =
∮
τ
dρ
2πi
ρ
αr
T (ρ) , (4.4)
and Γ˜ir(τ), Q˜r(τ) are the antiholomorphi ounterparts of Γ
i
r(τ), Qr(τ), respetively. Let us
stress that although M i− is onserved the deomposition (4.3) depends on the hoie of the
ontour. One an however verify that the deomposition (4.3) is onsistent with the free string
evolution, i.e.
e
− 1
2
√
α
P−r (τ−τ ′)Γir(τ
′) = Γir(τ)e
− 1
2
√
α
P−r (τ−τ ′) ,
e
− 1
2
√
α
P−r (τ−τ ′)Qr(τ ′) = Qr(τ)e
− 1
2
√
α
P−r (τ−τ ′) .
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These formulae hold also in the interating theory if we assume the following transformation
rule of the loal elds A(ρ, ρ¯) on the light-one diagram with respet to the innitesimal
onformal transformations:
δǫ,ǫ˜A(ρ, ρ¯) = −
∮
dω
2πi
ǫ(ω)T (ω)A(ρ, ρ¯)−
∮
dω¯
2πi
ǫ˜(ω¯)T˜ (ω¯)A(ρ, ρ¯) . (4.5)
It is ertainly satised in the setors desribed by standard CFT. As we have disussed in
the previous setion it is assumed in the Liouville setor as well. With this assumption the
ation of the operators M i−r − i√αP i ∂∂αr on eah external state |r 〉 an be replaed by the
insertions of the operators Γir(τ
′
r), Γ˜
i
r(τ
′
r), Qr(τ
′′
r ), Q˜r(τ
′′
r ) at arbitrary hosen times τ
′
r, τ
′′
r on
the orresponding external legs.
Let us rst alulate the eet of Γir(τ
′
r), Γ˜
i
r(τ
′
r) insertions. To the sum of ontributions
of external legs one an add pairs of opposite ontributions of opposite oriented ontours for
eah intermediate ylinder. Sine the insertion times are arbitrary one an move the ontours
of integration towards nearest interation times τI in suh a way that eah interation point
ZI is surrounded by the ontour CI onsisting of three disjoint omponents CI,s as indiated
on Fig. 1.
t1
t
2
C1,1
C1,2C1,3
C2,1
C2,2
C2,3
Fig. 1 Integration ontours on the light-one graph
The ontribution of eah interation point an be rearranged as follows:
ΓiI + Γ˜
i
I =
∮
CI
dρ
πi
T (T (ρ)χi(ρ)) + ∮
CI
dρ¯
πi
T
(
T˜ (ρ¯)χ˜i(ρ¯)
)
= ΥiI + Υ˜
i
I +
3∑
s=1
1
2
√
α
T (P−s (χi(ρI) + χ˜i(ρ¯I))) ,
ΥiI ≡
∮
CI
dρ
πi
T (T (ρ) (χi(ρ)− χi(ρI))) . (4.6)
In order to alulate the ontour integrals ΥiI , Υ˜
i
I one an proeed from the light-one diagram
to the omplex plane by the Mandelstam map,
ΥiI =
∮
ρ−1(CI )
dz
πi
1
ρ′(z)
T (TT(z) (χi(z)− χi(zI)))
− c
T + cB + cL
12
∮
ρ−1(CI )
dz
πi
1
ρ′(z)
(
ρ(3)(z)
ρ′(z)
− 3
2
(ρ′′(z))2
(ρ′(z))2
)(
χi(z)− χi(zI)
)
,
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and then deform the integration ontour to one surrounding the point of interation ZI =
ρ−1(ρI) (Fig. 2).
ZI ZI ZI
C I,1r
-1( )C I,2r-1( )
C I,3r
-1( )
Fig. 2 Deformation of the integration ontour on the omplex z plane
As it is shown in Appendix C,
ΥiI =
(
1− c
T + cB + cL
24
)
2b
a2
∂χi(zI) +
(
cT + cB + cL
16
− 3
2
)
2
a
∂2χi(zI) , (4.7)
where the onstants a, b are determined by the expansion
ρ(z)− ρ(zI) = 1
2
a(z − zI)2 + 1
3
b(z − zI)3 +O
(
(z − zI)4
)
of the Mandelstam map (3.4) near the interation point. Sine cT + cB + cL = 24 and the
alulations in the antiholomorphi setor are essentially idential, the rst two terms in (4.6)
vanish. Due to the time ordering involved, the third term in (4.6) an be seen as a ommutator
of the Hamiltonian
P− =
√
α
∮
τ
dρ
πi
T (ρ) +
√
α
∮
τ
dρ¯
πi
T˜ (ρ¯) (4.8)
with the operator
Xi(ρI , ρ¯I) =
1
2
√
α
(χi(ρI) + χ˜
i(ρ¯I)) .
Thus inside the orrelator dening the string amplitude one gets
N∑
r=1
(Γir(τr) + Γ˜
i
r(τr)) =
N−2∑
I=1
(ΓiI + Γ˜
i
I) = 2
√
α
N−2∑
I=1
∂
∂τI
Xi(ρI , ρ¯I) . (4.9)
Let us now onsider the eet of the third term in the deomposition (4.3). Sine the
external states are eigenstates of the momenta operators one an replae P ir by orresponding
eigenvalues pir. In the p
+
-setor the third term of (4.3) is given by the operator
i√
α
∑
r p
i
r
∂
∂αr
applied to the delta funtion δ(
∑
r p
+
r ) and vanishes by the onservation of P
i
momentum. In
the other setors the string amplitude depends on αr only via the geometry of the light-one
diagram. For all r the hange αr → αr + δαr orresponds to the resaling of the rth external
leg
ρ→ ρ+ δαr ρ
αr
, ρ¯→ ρ¯+ δαr ρ¯
αr
. (4.10)
It follows from (4.5) that the the eet of these resaling on the loal operators (puntures)
representing external state on the rth leg is given by the insertion of the operator −Qr(τ)−
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Q˜r(τ). Hene inside the orrelator dening the string amplitude for every r
∂
∂αr
= −Qr(τ)− Q˜r(τ)
and therefore the third and the fourth term in (4.3) anel eah other.
The net eet of the innitesimal Lorentz rotation (4.1) on the ontribution AΣ to the
tree string amplitude thus reads
δAΣ = 2
√
α δ
(
N∑
r=1
p+r
)
δ
(
N∑
r=1
p−r
)∫ N−2∏
I=2
d2(ρI − ρ1)
N−2∑
I=1
∂
∂τI
(W T[XiI ]W
BW L) ,
where W T[XiI ] denotes the transverse setor ontribution modied by the insertion of the
operator Xi(ρ) at the interation point ρI . Due to the ordering of the interation times for
a given light-one diagram the integral above yields non-vanishing boundary terms. It is well
known from the theory of ritial string [42, 43, 46℄ that boundaries of integration of all
light-one diagrams ontributing to a given tree string amplitude an be arranged into pairs
of idential boundaries orresponding to dierent diagrams. An example of suh a pair is
exhibited on Fig. 3.
t1
t
2
t
3
t1
t
2
t
3
3a 3b
Fig. 3 s-hannel (3a) and t-hannel (3b) boundary ontribution to the sattering amplitude
The boundary terms orresponding to eah of these pairs anel eah other if the expres-
sionsW T[XiI ]W
BW L for dierent diagrams are the same on the ommon boundary omponent.
In our onstrution, where the expression W T[XiI ]W
BW L was dened in terms of a Mandel-
stam map and onformal eld theories on the omplex plane, this ondition is satised. Indeed
the Mandelstam map is the same for light-one diagrams with ommon boundaries of integra-
tion and the orrelators on the omplex plane depend on the interation times only through
the insertion Xi(ZI). This ompletes the proof of the Lorentz ovariane of the light-one tree
string amplitudes introdued in Set. 3.
5 Unitarity
Our derivation of the tree light-one amplitudes presented in Setion 3 shows that the prop-
ertirs of the Liouville setor listed in the Introdution: the spetrum, the onformal anomaly,
and the onformal Ward identities form a minimal set of assumptions neessary for imple-
menting the idea of splittingjoining interation for all massive string models of the bosoni
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disrete series. It follows from our alulations in Setion 4 that these properties are also su-
ient for the Lorentz ovariane of the light-one amplitudes. The only fundamental property
of standard CFT we have not yet required in the Liouville setor is the punture  punture
produt expansion (PPPE). The question arises to what extend this property is neessary for
the perturbative unitarity of tree amplitudes.
We shall start with a brief disussion of the ritial string. Aording to the presentation of
Set. 3 the tree amplitudes an be onstruted by means of orrelators of 24 opies of the salar
onformal eld on the omplex plane. In order to prove the unitarity one has to identify these
amplitudes as terms of a Dyson perturbative expansion in the spae of multi-string states. Suh
identiation is easily seen in the funtional approah where one an express the amplitudes
in terms of path integrals on light one diagrams. Cutting the path integral open just before
and just after eah interation time one gets the free string propagation of multi-string states
between instant joiningsplitting interation verties (Fig. 4). This intuitive piture an be
justify by expliit alulations. Considering the limit of an innitely short pants one an
onstrut an operator orresponding to the elementary joiningsplitting vertex [42, 43, 44, 45℄.
This vertex and the free string evolution yield the Dyson expansion required.
t
1
t
2
t
3
{{
V V Vt2 t3iH( )-e t1 t2iH( )-e
Fig. 4 Deomposition of the light-one graph onto verties and free propagation
One an extend this line of reasoning to the string degrees of freedom desribed by arbitrary
standard CFT. This onerns in partiular various ompatiations of ritial string. What
we need to separate the orrelator into regions of free propagation and interation verties, is
a well dened utting-open proedure i.e. a presription whih for any losed urve with no
self-intersetions yields a unique deomposition of the orrelator into salar produt of two
states from the free string Hilbert spae. With the operatorstate orrespondene assumed the
existene of suh proedure is equivalent to the operator produt expansion (OPE) whih is a
fundamental property of any standard CFT. The detailed onstrution of the deomposition of
the orrelator into ylinders of free propagation and innitely short pants of joiningsplitting
verties goes beyond the sope of the present paper. Let us only mention that one an use
for instane the tehniques of [48℄ where a similar deomposition into 3-point funtions was
derived.
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Let us now turn to the non-ritial string. In the transverse and in the Brower longitudinal
setor one an deompose the orrelators into interation verties and free evolution just as in
the ase of ritial string. A similar deomposition in the Liouville setor requires the punture-
punture produt expansion (PPPE). This however leads to some onsisteny onditions. One
an for instane apply PPPE to alulate 4-punture orrelator in three dierent ways. The
ondition that the results should oinide is usually referred to as the rossing symmetry or
the bootstrap equation. One of its onsequenes in standard CFT is the restrition on possible
entral harge, onformal dimensions, and fusion rules known as Vafa's ondition [24℄. Using
Lewellen's derivation of this ondition [25℄ one an show that the PPPE assumption is in
ontradition with the spetrum of onformal weights in the Liouville setor [23℄.
Let us rst assume that PPPE holds. Then the spetrum in the Liouville setor must
be essentially larger. In ommonly adopted approahes to the quantum Liouville theory it is
atually ontinuous. If we extend the spae of external states to aommodate suh spetrum
the unitarity will be preserved but the original physial ontent of the theory will be lost.
Indeed the extension would result in the ontinuous family of interepts. The only way out is
the trunation of spetrum to a disrete subset as was proposed for instane in [27℄. On the
other hand one ould preserve the spae of external states determined by the free string models
and use the Liouville theory with the ontinuous spetrum to alulate string amplitudes. In
this ase the proof of unitarity known from the ritial string theory breaks down and one
has to analyze the problem on the level of string amplitudes rather than on the level of 2-
dim eld theories on the light-one diagrams. It is an interesting open problem whether the
ODZZ proposal to solve the Liouville theory [31, 30℄ leads to the non-ritial string amplitudes
satisfying the onditions of perturbative unitarity.
The seond possibility is to relax the PPPE requirement. Up to our knowledge the only
approah to the Liouville theory where PPPE is not expliitly or taitly assumed is the
geometri formulation of the 2-dim quantum gravity [34, 35, 36, 37, 38℄. The Liouville orre-
lation funtions are dened in this approah in terms of path integral over onformal lass of
Riemannian metris with presribed singularities at the puntures. The ase of the metris
with paraboli singularities was extensively analyzed by means of the perturbation expan-
sion around the lassial hyperboli geometry [35, 36, 37℄. In partiular the onformal weight
of punture and the entral harge were alulated, and the onformal Ward identities were
proved. The results are in perfet agreement with the properties of the Liouville setor we
required in Subsetions 2.3 and 3.3 on dierent grounds. Let us stress that the geometrial
approah is strongly justied by the fat that many of its geometri preditions an be rigor-
ously proved ([36, 37℄, and referenes therein). Still it is very far from its nal solution. The
most important open questions are the fatorization, and the relation to the ODZZ approah.
Our disussion shows that the relation between the properties of the 2-dim theory on
the world sheet and the perturbative unitarity of the string amplitudes is in the Liouville
longitudinal setor muh more ompliated than in other setors desribed by standard CFT.
It seems that further investigations of this relation should provide a new insight into the
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longstanding problem of string interations in 4 dimensions.
A. The Mandelstam map
A.1 Conformal fator of the Mandelstam map
Conformal fator of the full Mandelstam map
ρ(z) =
N∑
r=1
αr ln(z − zr) ,
N∑
r=1
αr = 0 ,
is
σ = ln
∣∣∣∣∂ρ∂z
∣∣∣∣2 = ln
∣∣∣∣∣
N∑
r=1
αr
z − zr
∣∣∣∣∣
2
. (A.1)
The metri ρ∗gc is at exept at singular points {zr}Nr=1 and {ZI}N−2I=1 . Singularities at these
points an be alulated by means of the Gauss-Bonnet theorem
1
4π
∫
M
√
g d2z Rg +
1
2π
∫
∂M
ds κg = 2− 2g − b .
One gets √
ρ∗gc Rρ∗gc = −4π
N−2∑
I=1
δ(z − ZI) + 4π
N∑
r=1
δ(z − zr) .
Sine √
ρ∗g Rρ∗g = −∂a√ggab∂bφ+Rg ,
the onformal fator satises
−∇2σ = −4π
N−2∑
I=1
δ(z − ZI) + 4π
N∑
r=1
δ(z − zr) , ∇2 ≡ ∂a∂a = 4∂z∂z¯ .
On the omplex plane an identity
∇2 ln |z − w|2 = 4πδ(z − w)
holds and the general solution to the previous equation an be written as
σ = σ0 +
N−2∑
I=1
ln |z − ZI |2 −
N∑
r=1
ln |z − zr|2 , (A.2)
where σ0 is an arbitrary solution of the homogeneous equation
∇2σ0 = 0 .
One an nd σ0 analyzing the asymptoti behavior of σ for |z|2 →∞. From (A.1) one gets
σ = −2 ln |z|2+ln
∣∣∣∣∣z2
N∑
r=1
(
αr
z
+
αrzr
(z − zr)z
)∣∣∣∣∣
2
= −2 ln |z|2+ln
∣∣∣∣∣
N∑
r=1
αrzr
∣∣∣∣∣
2
+o
(
1
|z|
)
, (A.3)
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while (A.2) implies
σ = σ0 − 2 ln |z|2 + o( 1|z|) . (A.4)
Comparison of (A.3) and (A.4) yields σ0 = lnA
2
where
A ≡
∣∣∣∣∣
N∑
r=1
αrzr
∣∣∣∣∣ , (A.5)
and leads to the following expression for the onformal fator
σ = lnA2 +
N−2∑
I=1
ln |z − ZI |2 −
N∑
r=1
ln |z − zr|2 . (A.6)
A.2 Boundary terms
We shall show that
1
4π
∫
∂Mr
ds σna∂aσ = lnA
2 − ln ǫ2r −
∑
s(s 6=r)
ln |zr − zs|2 +
∑
I
ln |ZI − zr|2 (A.7)
= 2 ln |αr| − 2 ln ǫr , (A.8)
1
4π
∫
∂MI
ds σna∂aσ = − lnA2 − ln ǫ2I −
∑
J(J 6=I)
ln |ZI − ZJ |2 +
∑
r
ln |zr − ZI |2 (A.9)
= −2 ln cI − 2 ln ǫI = − ln cI − ln 2rI , (A.10)
1
8π
∫
∂M∞
ds σna∂aσ = 4 ln ǫ∞ − 2 lnA = −4 ln r0 + 2 lnA , (A.11)
where ∂Mr and ∂MI denote small irles of the radii ǫr and ǫI , surrounding points zr and
ZI , respetively, and ∂M∞ is a big irle of the radius ǫ∞ surrounding ∞.
External points
In the limit
ǫr = |z − zr| → 0
one has
ρ(z) ≈ αr ln(z − zr) ,
σ = 2 ln
∣∣∣∣ ∂ρ∂zr
∣∣∣∣ ≈ 2 ln ∣∣∣∣ αrz − zr
∣∣∣∣ = 2 ln |αr|ǫr ,
na∂aσ = − ∂
ǫr
(
2 ln
|αr|
ǫr
)
=
2
ǫr
,
and
1
4π
∫
∂Mr
ds σna∂aσ ≈ 2 ln |αr| − 2 ln ǫr ,
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what proves (A.8). To demonstrate validity of (A.7) we use for σ the expression (A.6) with
the result:
1
4π
∫
∂Mr
dsσna∂aσ ≈ 1
4π
2π∫
0
ǫrdϕ lnA
2 2
ǫr
− 1
4π
2π∫
0
ǫrdϕ ln ǫ
2
r
2
ǫr
+
1
4π
2π∫
0
ǫrdϕ
− ∑
s(s 6=r)
ln |z − zs|2 +
∑
I
ln |z − ZI |2
 2
ǫr
≈ lnA2 − ln ǫ2r −
∑
s(s 6=r)
ln |zr − zs|2 +
∑
I
ln |zr − ZI |2 .
Interation points
For
ǫI = |z − ZI | → 0
one has
ρ(z)− ρ(ZI) ≈ 1
2
∂2ρ
∂z2
(ZI)(z − ZI)2,
∂ρ
∂z
(z) ≈ ∂
2ρ
∂z2
(ZI)(z − ZI) .
Introduing
cI =
∣∣∣∣∂2ρ∂z2 (ZI)
∣∣∣∣ , rI = |ρ(z) − ρ(ZI)| ,
one gets
rI =
1
2
cIǫ
2
I ⇒ ǫ2I =
2rI
cI
,
and
σ = 2 ln
∣∣∣∣∂ρ∂z
∣∣∣∣ ≈ 2 ln cI + 2 ln ǫI = 2 ln cI + ln 2rIcI = ln cI + ln 2rI ,
na∂aσ = − ∂
∂ǫr
(2 ln cI + 2 ln ǫI) = − 2
ǫI
.
Thus
1
4π
∫
∂MI
ds σna∂aσ ≈ −2 ln cI − 2 ln ǫI = − ln cI − ln 2rI ,
what proves (A.10). On the other hand, with the help of (A.6) we have∫
∂MI
ds σna∂aσ ≈ −
2π∫
0
ǫIdϕ lnA
2 2
ǫI
−
2π∫
0
ǫIdϕ ln ǫ
2
I
2
ǫI
−
2π∫
0
ǫIdϕ
 ∑
J(J 6=I)
ln |z − ZI |2 −
∑
r
ln |z − zr|2
 2
ǫI
≈ −4π lnA2 − 4π ln ǫ2I − 4π
∑
J(J 6=I)
ln |ZI − ZJ |2 + 4π
∑
I
ln |ZI − zr|2 .
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Point at innity
In the limit
ǫ∞ = |z| → ∞
one has
ρ(z) =
N∑
r=1
αr ln(z − zr) =
N∑
r=1
αr ln(1− zr
z
)
= −
N∑
r=1
αr
1
1− zr
z
zr
z
+ o(
1
z2
) = −
(
N∑
r=1
αrzr
)
1
z
+ o(
1
z2
) .
For the radius r0 of the irle surrounding 0 on the light-one diagram one thus gets
r0 ≡ |ρ(z)| ≈ 1|z|
∣∣∣∣∣
N∑
r=1
αrzr
∣∣∣∣∣ = Aǫ∞ .
In the limit |z| → ∞ one also has
σ = −2 ln |z|2 + lnA2, na∂aσ = − 4
ǫ∞
,
and
1
8π
∫
∂M∞
ds σna∂aσ = 4 ln ǫ∞ − 2 lnA = −4 ln r0 + 2 lnA .
A.3 Identities
Comparing the r.h.s of (A.7), (A.8) and (A.9), (A.10) one gets the identities
− ln |αr| = − ln
∣∣∣∣∣
N∑
r=1
αrzr
∣∣∣∣∣+ ∑
s(s 6=r)
ln |zr − zs| −
∑
I
ln |ZI − zr| , (A.12)
ln cI = ln
∣∣∣∣∣
N∑
r=1
αrzr
∣∣∣∣∣+ ∑
J(J 6=I)
ln |ZI − ZJ | −
∑
r
ln |zr − ZI | . (A.13)
Summing formula (A.12) over r and formula (A.13) over I and adding the results one gets
the equality
N−2∑
I=1
ln cI −
N∑
r=1
ln |αr| =
= − ln
∣∣∣∣∣
N∑
r=1
αrzr
∣∣∣∣∣
2
+
∑
s<r
ln |zr − zs|2 −
∑
I,r
ln |ZI − zr|2 +
∑
J<I
ln |ZI − ZJ |2 .
Introduing ompat notation
[c] ≡
∏
I
cI , [α] ≡
N∏
r=1
αr , [ǫ] ≡
N∏
r=1
ǫr , (A.14)
[P ] ≡
∏
16r<s6N
|zr − zs|
∏
I<J
|ZI − ZJ |∏
r,I
|zr − ZI | ,
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it an be written in the form
[c][α]−1 = A−2[P ]2 . (A.15)
A.4 Conformal anomaly
We alulate the Liouville ation for the onformal fator of the Mandelstam map
SL[g, σ] ≡ 1
8π
∫ √
gd2z (gab∂aσ∂bσ + 2Rgσ) +
1
2π
∫
ds κgσ
=
1
8π
N∑
r=1
∫
∂Mr
ds σna∂aσ +
1
2π
N∑
r=1
∫
∂Mr
ds κgσ
+
1
8π
N−2∑
I=1
∫
∂MI
ds σna∂aσ +
1
8π
∫
∂M∞
ds σna∂aσ .
The last line of the formula above is neessary for regularization of the singularities arising at
the points ZI and z → ∞ whih orrespond via the full Mandelstam map to internal points
on the light-one diagram.
The geodesi urvature on small irles surrounding zr is κg = − 1ǫr and
1
2π
∫
∂Mr
dsκgσ = −2 ln |αr|+ 2 ln ǫr .
Using expressions (A.8), (A.10) and (A.11) for other boundary integrals one gets
SL[g, σ] = −
N∑
r=1
ln |αr|+
N∑
r=1
ln ǫr − 1
2
N−2∑
I=1
ln cI + 2 lnA− 4 ln r0 − 1
2
N−2∑
I=1
ln 2rI
and
(detLeσg)−
1
2 = e
1
12
SL[g,σ] (detLg)−
1
2
= [ǫ]
1
12A
1
6 [α]−
1
12 [c]−
1
24 (detLg)−
1
2 .
Using formula (A.15) it an be written in the form
(detLeσg)−
1
2 = [ǫ]
1
12A
1
4 [α]−
1
8 [P ]−
1
12 (detLg)−
1
2 . (A.16)
A.5 Jaobian for the Mandelstam map
Interation point ρI depends on zr through the relation
ρI =
∑
r
αr ln(ZI − zr) , (A.17)
where ZI = ZI(αs, zs) is a solution of the equation∑
r
αr
ZI − zr = 0 . (A.18)
29
When we hange the integration variables from dierenes of the interation points ρI − ρ1
to zs−s (with I, s = 2, . . . , N − 2), the orresponding Jaobian reads
J =
∣∣∣∣det(∂(ρI − ρ1)∂zs
)∣∣∣∣2 .
Dierentiating (A.17) with respet to zs and using (A.18) we get
∂ρI
∂zs
=
(
N−1∑
r=1
αr
ZI − zr
)
∂ZI
∂zs
−
N−1∑
r=1
αr
ZI − zr
∂zr
∂zs
= − αs
ZI − zs ,
and onsequently
J =
∣∣∣∣det( αs(ZI − Z1)(ZI − zs)(Z1 − xs)
)∣∣∣∣2 = N−2∏
r=2
∣∣∣∣ αrZ1 − zr
∣∣∣∣2 N−2∏
J=2
|ZJ − Z1|2 |det C|2 ,
where C is an (N − 3)× (N − 3) matrix with elements
CIr =
1
ZI − zr .
The identity
det C = wN−3
∏
26r<s6N−2
(zs − zr)
∏
26I<J
(ZJ − ZI)
N−2∏
r,I=2
(ZI − zr)−1 , (A.19)
where wN−3 depends only on N, follows from the fat that both sides of (A.19) are analyti
funtions of all zr−s and ZI−s with the same loations and orders of zeroes and poles. If we
hoose ZI = I and zr = 1− r, then the l.h.s. of the Eq. (A.19) redues to the speial ase of
the Hankel's determinant
det

1 1/2 . . . 1/n
1/2 1/3 . . . 1/(n + 1)
.
.
.
1/n 1/(n + 1) . . . 1/(2n − 1)
 =
(
n−1∏
k=1
k!
)3 [ n∏
k=1
(n+ k − 1)!
]−1
with n = N − 3, while the r.h.s. is equal to
wn (−1)
1
2
n(n−1)
(
n−1∏
k=1
k!
)3 [ n∏
k=1
(n+ k − 1)!
]−1
.
This leads to
wN−3 = (−1)
1
2
(N−3)(N−4)
and gives
J =
N−2∏
r=2
|αr|2
∏
26r<6N−2
|zr − zs|2
∏
16I<J
|ZI − ZJ |2
N−2∏
r=2
N−2∏
I=1
|ZI − zr|−2
= [α]2[P ]2 |(zN − zN−1)(zN − z1)(zN−1 − z1)|2
∏
t=1,N−1,N
{
1
|αt|2
∏
I |ZI − zt|2∏
s 6=t |zs − zt|2
}
= |(zN − zN−1)(zN − z1)(zN−1 − z1)|2 A−6[α]2[P ]2 , (A.20)
where the last equality follows from (A.12) and A is dened by (A.5).
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B. Operatorstates orrespondene
Let Cr stands for a part o the world-sheet of r
th
external string,
Cr =
{
ρ :
τr
αr
> ℜ ρ
αr
>
τ ′r
αr
}
.
Using the equivalene of the operator and path integral expression for the evolution operator
between light-one times τ ′r and τr one an write
Ψr[X
i
r(σr)] =
∫
τ ′r
DXir′(σ′r)
∫
Cr
DglcXi(σ, τ) e−S[glc,Xi(σ,τ)] e− 12√α (PT)
−
r (τ
′
r−τr)Ψr[Xir′(σr)]
(B.1)
= e
λTr
αr
(τr−τ ′r)
∫
τ ′r
DXir′(σ′r)
∫
Cr
DglcXi(σ, τ) e−S[glc,Xi(σ,τ)] Ψr[Xir′(σr)] ,
where the inner path integral goes over the elds satisfying the Dirihlet boundary onditions
Xi(σr, τr) = X
i
r(σr) , X
i(σr, τ
′
r) = X
i
r′(σr) .
The funtional Fourier transform at the light-one time τ ′r allows to onvert the wave funtional
Ψr[X
i(σr)] to the momentum representation and Eq. (B.1) takes the form
Ψr[X
i
r(σr)] = e
λTr
αr
(τr−τ ′r)
∫
Cr
DglcXi(σ, τ) e−S[glc,Xi(σ,τ)] × (B.2)
×
∫
τ ′r
DP ir′(σ′r) ei
∫
dσ′r P
i
r(σ
′
r)X
i(σ′r ,τ
′
r) Ψr[P
i
r′(σr)] ,
with
Xi(σr, τr) = X
i
r(σr) , ∂τX
i(σr, τ)
∣∣
τ=τ ′r
= 0 .
Using the onformal map
ρr(z) = αr ln(z − zr) (B.3)
one an rewrite Eq. (B.2) in terms of the path integral on the annulus
Pr =
{
η′r = e
τ ′r
αr 6 |z − zr| 6 ηr = e
τr
αr
}
in the omplex plane endowed with the standard at metri gpl:
Ψr[X
i
r(σr)] = e
λTr
αr
(τr−τ ′r) (APr)c
T
∫
Pr
DgplXi(w, w¯) e−S[gpl,Xi(w,w¯)] × (B.4)
×
∫
τ ′r
DP ir′(σ′r) ei
∫
dσr P
i
r′(σ
′
r)X
i(zr+e
τ ′r+iσ′r
αr ,z¯r+e
τ ′r−iσ′r
αr ) Ψr[P
i
r′(σ
′
r)] ,
where the onformal anomaly fator reads
APr = e
τ ′r−τr
12αr .
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In the limit η′r → 0 one an replae the integration over the elds dened on the annulus
Pr with the boundary onditions on the small boundary determined by the state funtional
Ψr[P
i
r′(σ
′
r)], by the integration over the elds on the dis Dr = {z : |z − zr| 6 ηr} with an
appropriate operator insertion V Tr (zr, z¯r) at zr. In this limit the η
′
r-dependene drops out.
Indeed the ontribution from the partition funtion on the annulus:∫
Pr
DgplXi(w, w¯) e−S[gpl,Xi(w,w¯)] ∝ (η′r)−
cT
6 ,
and the self interation term (η′r)∆r resulting from the singular behavior of the lassial
ation are anelled by the term (η′r)
−(λTr − c
T
12
)
. One thus gets
Ψr[X
i
r(σr)] = e
(λTr − c
T
12
) τr
αr
∫
Dr
DgplXi(w, w¯) e−S[gpl,Xi(w,w¯)] V Tr (zr, z¯r) . (B.5)
C. Calulation of the ontour integrals
To alulate the integral
ΥiI
(1) ≡
∮
ρ−1(CI )
dz
πi
1
ρ′(z)
T [TT(z) (χi(z)− χi(zI))]
= lim
ε→0
∮
zI
dz
πi
(
dρ(w)
dw
)−1
T [TT(w) (χi(z)− χi(zI))] ,
where
ε = ρ(w) − ρ(z) (C.1)
is small ompared to z − zI , we use the identity
TT(w)χi(z) =
1
w − z ∂wχ
i(w)+ : TT(w)χi(z) : =
1
w − z ∂wχ
i(w)+ : TT(z)χi(z) : +O(ε) .
It gives
ΥiI
(1) = lim
ε→0
∮
zI
dz
πi
(
dρ(w)
dw
)−1( 1
w − z −
1
w − zI
)
∂wχ
i(w)
+
∮
zI
dz
πi
(
dρ(z)
dz
)−1
: TT(w)
(
χi(z)− χi(zI)
)
: .
The seond integral vanishes due to the zero of χi(z)− χi(zI) for z → zI .
Dierentiation of (C.1) with respet to z gives
dρ(w)
dz
=
dρ(z)
dz
≡ ρ′(z) ,
and
dρ(w)
dw
=
dρ(w)
dz
(
dw
dz
)−1
= ρ′(z)
(
dw
dz
)−1
.
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Expanding ρ(w) around z and inverting the resulting series one gets
w − z = 1
ρ′(z)
ε− ρ
′′(z)
2 (ρ′(z))2
ε2 +O (ε3) .
Consequently
1
w − z =
ρ′(z)
ε
+
1
2
ρ′′(z)
ρ′(z)
+O (ε) ,
dw
dz
= 1− ρ
′′(z)
(ρ′(z))2
ε+O (ε2) ,(
dρ(w)
dw
)−1 1
w − z =
1
ε
− 1
2
ρ′′(z)
(ρ′(z))2
+O (ε) ,
and
ΥiI
(1) = −
∮
zI
dz
πi
1
ρ′(z)
(
1
2
ρ′′(z)
ρ′(z)
+
1
z − zI
)
∂zχ
i(z) , (C.2)
where we have used the fat that ∂zχ
i(z) is regular at z = zI so that
1
ε
∮
zI
dz
πi
∂zχ
i(z) = 0
for any ε.
If we write Taylor expansion of ρ(z) around zI as
ρ(z)− ρ(zI) = 1
2
a(z − zI)2 + 1
3
b(z − zI)3 +O
(
(z − zI)4
)
,
then from (C.2)
ΥiI
(1) =
2b
a2
∂χi(zI)− 3
a
∂2χi(zI) ,
where ∂χi(zI) ≡ ∂zIχi(zI). It is also immediately to hek that∮
zI
dz
πi
1
ρ′(z)
(
ρ(3)(z)
ρ′(z)
− 3
2
(ρ′′(z))2
(ρ′(z))2
)(
χi(z)− χi(zI)
)
=
b
a2
∂χi(zI)− 3
2a
∂2χi(zI) ,
what nally gives
ΥiI =
(
1− c
T + cB + cL
24
)
2b
a2
∂χi(zI) +
(
cT + cB + cL
16
− 3
2
)
2
a
∂2χi(zI) .
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